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Basic Terminology

Definition 1. A system is a collection of interacting elements that
produce observable signals and for which there exist
cause-and-effect relationships.
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Basic Terminology

Definition 1. A system is a collection of interacting elements that
produce observable signals and for which there exist
cause-and-effect relationships.

Definition 2. Observable signals of a system are called outputs.

Definition 3. External signals of the system that can be
manipulated by the observer are called inputs.

Definition 4. A dynamic system is comprised of interacting
elements which depend on time.

Definition 5. A (mathematical) model is a description of a
system in terms of equations.
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Model of a System

d

A system with output ¥, input u, measured disturbance d and
unmeasured disturbance w.
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Model of a System: General State-Space

Model

A general (nonlinear) dynamic system may be modeled by a finite
number of coupled first-order ordinary differential equations. Together
with the output vector the complete system state-space model is given by

x(t) = f(x(t),u(t)1) (1)
y(t) = g(x(t),u(t),?),

x = [@1 x2  z, ],
u = [w uy - oup |
O = [AC) 060 - f0 ],
9() = [ o) g6 - g0 1"
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Classification of Systems

Continuity of the time variable — Continuous

— Discrete-time
— Hybrid
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Classification of Systems

Continuity of the time variable — Continuous
— Discrete-time
— Hybrid

Parameter variation — Fixed

— Time-varying

Superposition property — Linear
— Nonlinear

Most real-life systems may be considered hybrid, nonlinear, and
time-varying. However, it is usually possible to use other
(simplified) classes of systems in modeling under certain
assumptions and for particular purposes.
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Solar-heated House

House Storage
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Example: Solar-heated House: Model

Pum Wind, outdoor
temperature, etc.
capacity '
iy
1 Storage
/ temperature

Solar
radiation
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45

32.5

20

Example: Solar-heated House:

Measurements

Storage temperature (°C)

Solar intensity

0 25
t hours
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Important Aspect of Modeling

The map is not the territory.
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Important Aspect of Modeling

The map is not the territory.

What this means is that in practice an ideal model of a system can
never be achieved. It is sufficient to evaluate the obtained model
of a system in terms of usefulness for a particular purpose.
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Modeling and Identification Approaches

e White Box modeling (also known as First Principles
modeling). The structure of the model is known and the model
is derived from physical laws.
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physical laws. Certain parts of the model are approximated such
that they these approximations have no direct physical
interpretation, but are suitable for modeling purposes.
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Modeling and Identification Approaches

e White Box modeling (also known as First Principles
modeling). The structure of the model is known and the model
is derived from physical laws.

e Grey Box modeling. The model is partially derived from
physical laws. Certain parts of the model are approximated such
that they these approximations have no direct physical
interpretation, but are suitable for modeling purposes.

e Black Box modeling. No information about the physical
structure of the system is given a priori. Hence, the model is
obtained by fitting experimental data to an arbitrarily chosen
mathematical model type and structure.
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Model Development Stages

Structure the problem:

e Define the purpose of your model.
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Model Development Stages

Structure the problem:
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e Define important system variables and relationships.
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Find the governing equations:

e By inspecting each subsystem.
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Model Development Stages

Structure the problem:

e Define the purpose of your model.
e Break the system down into smaller interconnected subsystems.
e Define important system variables and relationships.

e Define the inputs and outputs of the model.
Find the governing equations:

e By inspecting each subsystem.

e Assume theoretical ideals (point-mass, ideal gas, etc.) and use
simplifications (neglect friction, air pressure, turbulence).

e Use known relations and laws from physics.

e Make hypotheses and conduct additional research.
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First Principles Modeling: Translational
System
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First Principles Modeling: Translational
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First Principles Modeling: Translational
System

du(t)

M 7 + Bo(t)
—_— =
Mass Friction
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First Principles Modeling: Translational
System

do(t '
M Zi)Jer(t)JrK/ v(A\)dA
— = L ~~

Mass Friction Spring
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First Principles Modeling: Translational
System

do(t '
M Zi) +Bv(t)+K/ v\ = f(t)
—_— N — N 0 ~ N
Mass Friction Spring Force
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First Principles Modeling: Rotating System

d
J% + Bu(t)+ K / . t)
Mom;;t of Frlctlon Tor5|on Torque

inertia
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First Principles Modeling: Electrical System

4
e(t)<> R

L
. 1 t
rE0 iy £ L / )N = e(t)
at c
N—— —— N ~— ~ —~—

Inductance  Resistance Capacitance Voltage

Control Lab Aleksei Tepljakov

www.a-lab.ee




First Principles Modeling: Hydraulic System

W) 1L / PN = q(t)

N—— (- / ~ ~ / —~—
Hydraulic Hydraulic Inertance Flow rate
capacitance resistance
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First Principles Modeling: Flow System

Example

A e

Consider a tank with free outflow. The tank has a cross section A (m?)
and the outflow hole has an area a (m?). The level of the liquid in the
tank is & (m), the inflow is w (m?3/s) and the outflow is g (m?3/s).

Task: Model how the outflow depends on the inflow.

Control Lab Aleksei Tepljakov

www.a-lab.ee




First Principles Modeling: Flow System

Example (Continued)

Apply Bernoulli’s law which describes the relationship between the outflow
speed v (m/s) and the liquid level in the tank:

v(t) = v/2gh(t),

where g is the acceleration of gravity.
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First Principles Modeling: Flow System

Example (Continued)

Apply Bernoulli’s law which describes the relationship between the outflow
speed v (m/s) and the liquid level in the tank:

v(t) = \/2gh(t),

where g is the acceleration of gravity. Then, the relation between the outflow ¢
and the outflow speed v is by definition

q(t) = a-v(l).

The volume of the liquid in the tank at time ¢ is A - h(t) (m®) and it changes
according to the difference in inflow and outflow (mass balance):

ih , ay/2gh(t) N 1 ().

M) = A A
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First Principles Modeling: Flow System

Example (Continued)

Apply Bernoulli’s law which describes the relationship between the outflow
speed v (m/s) and the liquid level in the tank:

v(t) = \/2gh(t),

where g is the acceleration of gravity. Then, the relation between the outflow ¢
and the outflow speed v is by definition

q(t) = a-v(l).

The volume of the liquid in the tank at time ¢ is A - h(t) (m®) and it changes
according to the difference in inflow and outflow (mass balance):

ih , ay/2gh(t) N 1 ().

M) = A A

Finally, the outflow ¢(t) is determined as

q(t) = an/2gh(t).
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Conservative Systems

A conservative system is a system in which work done by a
force is

1. Independent of path.

2. Equal to the difference between the final and initial values of
an energy function.

3. Completely reversible.

The approach to modeling such systems, whether they are
mechanical, electrical, hydraulic, thermal, or of another kind, can
be generalized.

We base the model on how energy in the system is transfered,
changed and stored.
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Conservative Systems (Continued)

There are two fundamental variables:

e Flow (f)—e.g., electric current, velocity of motion, radial velocity, flow of
liquid, heat flux, etc.
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Conservative Systems (Continued)

There are two fundamental variables:

e Flow (f)—e.g., electric current, velocity of motion, radial velocity, flow of
liquid, heat flux, etc.

e Effort (e)—e.g., electric voltage, force, torque, pressure, temperature, etc.

The basic relationships are the same:

e Static dependence (resistance): e = h(f);
e Flow storage (capacity): e = k. [ fdt;

e Effort storage (inductance): f = ky [ edt;
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Conservative Systems (Continued)

There are two fundamental variables:

e Flow (f)—e.g., electric current, velocity of motion, radial velocity, flow of
liquid, heat flux, etc.

e Effort (e)—e.g., electric voltage, force, torque, pressure, temperature, etc.

The basic relationships are the same:

e Static dependence (resistance): e = h(f);
e Flow storage (capacity): e = k. [ fdt;

e Effort storage (inductance): f = ky [ edt;
e Power P =e¢f;

e Energy F = [ Pdt;

e Power transfer e; f1 = ea fo.
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Conservative Systems: Conservation Laws

e Flow balance (Kirchoff's First Law):

Zfi:()-

e Effort balance (Kirchoff's Second Law):

Zei:O.

(

e Conservation of energy within a system:

FE; = const.
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Practicality
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Grey Box Modeling: Model of the Magnetic

Levitation System

We use the following model of the MLS:

Electromagnet

'C.Cl — X2,
2
: c(r1) 3
L2 = - 2 + g,
T ZCl

Light sensor

fip2 Z(u) — I3
fip1 e=®1/fip2’

Light source

T3

Sphere rest ] o ]
where x1 is the position of the sphere, x5 is

the velocity of the sphere, and x3 is the coll
current, fip1 and fip2 are constants, c(x1)
is a 4th order polynomial and i(u) is a 2nd
order polynomial.
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Black Box Modeling

Measure~

Once input and output data is collected, fit to a particular type of model,
e.g., to a difference equation of the form

y(t)+ary(t—1)+---+apy(t—m) =bru(t—1)+-- -+ bpu(t—m). (2)

Note, that this model describes a discrete-time system. Can the collected
data be used to identify a continuous-time system? How?
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Linear Dynamic Systems

Definition 6. A dynamic system y(t) = F'(u(t)) is called linear if
for any o, 5 € R the superposition property holds:

Flauy (t) + Buz(t)] = aFui(t)] + BF|ua(l)]. (3)
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Definition 6. A dynamic system y(t) = F'(u(t)) is called linear if
for any o, 5 € R the superposition property holds:

Flauy (t) + Buz(t)] = aFui(t)] + BF|ua(l)]. (3)

e Most (all) real-life systems are nonlinear.

e We make use of linear approximations of nonlinear systems in
order to gain certain advantages in terms of application of
powerful tools for analysis of linear systems.
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Linear Dynamic Systems

Definition 6. A dynamic system y(t) = F'(u(t)) is called linear if
for any o, 5 € R the superposition property holds:

Flauy (t) + Buz(t)] = aFui(t)] + BF|ua(l)]. (3)

e Most (all) real-life systems are nonlinear.

e We make use of linear approximations of nonlinear systems in
order to gain certain advantages in terms of application of
powerful tools for analysis of linear systems.

Therefore, when dealing with real-life problems it makes sense to
try to break complex systems down into an interconnected
collection of smaller linear system approximations.
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Laplace Transform

A function F'(s) of the complex variable s = o + jw is called the
Laplace transform of the original function f(¢) and defined as

F(s)=2|f)] = /OOO e St f(t)dt (4)
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Laplace Transform

A function F'(s) of the complex variable s = o + jw is called the
Laplace transform of the original function f(¢) and defined as

P(s) =2 [f(t)] = /0 Tty (4)

The original function f(t) can be recovered from the Laplace
transform F'(s) by applying the inverse Laplace transform

1 c+j00
fty=<2"1[F(s)] = e*' F(s)ds, (5)

B j27T c— 700

where c is greater than the real part of all the poles of F'(s).
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Laplace Transform of a Derivative

Theorem 1 (Real Differentiation Theorem). The Laplace transform of
the derivative of a function f(t) is given by

L [d;{it)] = s"F(s) — s" "1 £(0)
—s"72f(0) — - — sf7D(0) — f7D(0). (6)

where f(0), £(0),..., f"=1(0) represent the values of derivatives
ft),df(t)/dt,...,d""Lf(t)/dt" 1, respectively, evaluated at t = 0.
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Laplace Transform of a Derivative

Theorem 1 (Real Differentiation Theorem). The Laplace transform of
the derivative of a function f(t) is given by

L [d;{it)] = s"F(s) — s" "1 £(0)
—s"72f(0) — - — sf7D(0) — f7D(0). (6)

where f(0), £(0),..., f"=1(0) represent the values of derivatives
ft),df(t)/dt,...,d""Lf(t)/dt" 1, respectively, evaluated at t = 0.

For zero initial conditions f(0) = f(0) = --- = f(®=1(0) = 0 we have

c,s,ﬂ [dg fb’f)] — s F(s).
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Laplace Transform: Application Example:

Solving Differential Equations

Task: Find the solution x(t) of the differential equation

d?z(t) L3 dx(t)

22(t) =
412 i T2t =0

with initial conditions z(0) = a, £(0) = b.
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Laplace Transform: Application Example:

Solving Differential Equations

Task: Find the solution x(t) of the differential equation

d?z(t) L3 dx(t)

22(t) =
412 i T2t =0

with initial conditions z(0) = a, £(0) = b.

Solution: Apply the Laplace transform:

[52)((5) — 52(0) —:;:(0)} + [3sX(s) — 2(0)] + 2X(s) = 0.
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Laplace Transform: Application Example:

Solving Differential Equations

Task: Find the solution x(t) of the differential equation

d?z(t) dx(t)
dt? i dt

+2x(t) =0

with initial conditions z(0) = a, £(0) = b.

Solution: Apply the Laplace transform:
[52)((5) — 52(0) —:;:(0)} + [3sX(s) — 2(0)] + 2X(s) = 0.

Substitute £(0) = a and #(0) = b and obtain

(s° +3s+2)X(s) = as + b+ 3a.

Control Lab Aleksei Tepljakov

www.a-lab.ee




Laplace Transform: Application Example:

Solving Differential Equations (continued)

Now, solve for X (s) and obtain

as + b+ 3a as + b+ 3a 20+b a-+b
(s2+3s+2) (s+1)(s+2) s+1 s+2
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Laplace Transform: Application Example:

Solving Differential Equations (continued)

Now, solve for X (s) and obtain

as + b+ 3a as + b+ 3a 20+b a-+b
(s2+3s+2) (s+1)(s+2) s+1 s+2

The inverse Laplace transform of X (s) yields

2a+b] o1 [aer]
s+ 1 s+ 2
= (2a+be ' —(a+be %, fort>0,

2(t) = L7V X (s)] = £} [

which is the solution of the given differential equation.
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Linear SISO Dynamic Systems: Differential

Equations and Transfer Functions

A linear, continuous-time, single input, single output dynamic
system can be expressed by a differential equation

d"y(t) d"y(t) dy(t)
n 7, — o« o o t f—
n— 1=+ =+ agy(t)
d"u(t) d™Lu(t) du(t)
m bm— T b b t ’ [

where ay, by € R.
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Linear SISO Dynamic Systems: Differential

Equations and Transfer Functions

A linear, continuous-time, single input, single output dynamic
system can be expressed by a differential equation

d"y(t) d"y(t) dy(t)
n n— o o o t p—
=+ Aot = b ar— o+ aoy(1)
d"u(t) d™Lu(t) du(t)
m bm— b b tv [
b=+ b1 e b Fbou(t), (7)

where ay, by, € R. Applying the Laplace transform to (7) with zero
initial conditions we obtain the transfer function representation of
the dynamic system as the ratio of polynomials

G(S) _ Y(S) _ bmsm + bm—lsm_l + - blS =+ bO (8)
U(s) aps"+ap_18" 14+---+ais+ag
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Transfer Functions

Consider a transfer function given by

B(s)  bms™ +bm_18™ "+ -+ bis+ b
A(s) ans”"+an—18" '+ ---+a1s+ao

® The polynomial B(s) is called the zero polynomial. The roots of B(s) =0
are called the zeros of G(s).
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Transfer Functions

Consider a transfer function given by

B(s)  bms™ +bm_18™ "+ -+ bis+ b
A(s) ans”"+an—18" '+ ---+a1s+ao

® The polynomial B(s) is called the zero polynomial. The roots of B(s) =0
are called the zeros of G(s).

e The polynomial A(s) is called the pole polynomial or characteristic
polynomial of GG(s). Roots of A(s) = 0 are called the poles of G(s) and
determine the overall behavior of the system.

Control Lab Aleksei Tepljakov

www.a-lab.ee




Transfer Functions

Consider a transfer function given by

B(s)  bms™ +bm_18™ "+ -+ bis+ b
A(s) ans”"+an—18" '+ ---+a1s+ao

® The polynomial B(s) is called the zero polynomial. The roots of B(s) =0
are called the zeros of G(s).

e The polynomial A(s) is called the pole polynomial or characteristic
polynomial of GG(s). Roots of A(s) = 0 are called the poles of G(s) and
determine the overall behavior of the system.

e The order of the system is determined by the highest power n of s™
appearing in the characteristic polynomial.
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Transfer Functions

Consider a transfer function given by

B(s)  bms™ +bm_18™ "+ -+ bis+ b
A(s) ans”"+an—18" '+ ---+a1s+ao

® The polynomial B(s) is called the zero polynomial. The roots of B(s) =0
are called the zeros of G(s).

e The polynomial A(s) is called the pole polynomial or characteristic
polynomial of GG(s). Roots of A(s) = 0 are called the poles of G(s) and
determine the overall behavior of the system.

e The order of the system is determined by the highest power n of s™
appearing in the characteristic polynomial.

e The system ((s) is called proper, if n > m, and strictly proper, if n > m.
A strictly proper system always satisfies G(s) — 0 as s — oo. Only proper
systems are realizable in practice. The value ¥y =n — m is called the
relative order of the system.
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Transfer Functions: Characteristics

Definition 7. A system (8) is said to be asymptotically stable, when all poles
\i, I.e. roots of of A(s) = 0, have negative real parts, that is

RO) <0, i=1,2,...,n. (9)
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Transfer Functions: Characteristics

Definition 7. A system (8) is said to be asymptotically stable, when all poles
\i, I.e. roots of of A(s) = 0, have negative real parts, that is

RO) <0, i=1,2,...,n. (9)

Definition 8. The system reaction h(t) to a unit impulse input is called the
impulse response of the system:

h(t) <Zs H(s) = . (10)
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Transfer Functions: Characteristics

Definition 7. A system (8) is said to be asymptotically stable, when all poles
\i, I.e. roots of of A(s) = 0, have negative real parts, that is

RO) <0, i=1,2,...,n. (9)

Definition 8. The system reaction h(t) to a unit impulse input is called the
impulse response of the system:

(10)

Definition 9. The system reaction g(t) to a unit step input is called the step
response of the system:

Sl (11)
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Transfer Functions: System

Interconnections

G1(s) - Ga(s) — G1(s) -{ Ga(s) (—
(series connection)
1 Gils) .
G1(s) + Ga(s) —] &
(parallel connection) | Ga(s)
G1(s) —»5 G1(s)
1+ Gl (S)GQ(S) +-T GQ(S)
(negative feedback)

Control Lab
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SISO Systems: PID Control

Noise
Yy
u Input ++V T
° >| Plant >0
Output

Y-, Set point
Controller |- O< l

Ir)

In SISO control, usage of PID (Proportional-Integral-Derivative)
controllers is commonplace. The parallel form of the conventional PID

controller is given by

C(s) = K, + K;s™ ' + Kys. (12)
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Process Models

e First order systems possess the most common behaviour encountered
In practice;
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Process Models

e First order systems possess the most common behaviour encountered
In practice;

e First order processes are characterized by

o Their capacity to store material, momentum and energy;
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Process Models

e First order systems possess the most common behaviour encountered
In practice;

e First order processes are characterized by

o Their capacity to store material, momentum and energy;

o The resistance associated with the flow of mass, momentum, or
energy in reaching their capacity.
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Process Models

e First order systems possess the most common behaviour encountered
In practice;

e First order processes are characterized by

o Their capacity to store material, momentum and energy;

o The resistance associated with the flow of mass, momentum, or
energy in reaching their capacity.

e Common first-order process models take the system transport delay L
into account;
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Process Models

e First order systems possess the most common behaviour encountered
In practice;

e First order processes are characterized by

o Their capacity to store material, momentum and energy;

o The resistance associated with the flow of mass, momentum, or
energy in reaching their capacity.

e Common first-order process models take the system transport delay L
into account;

e Control design for first-order processes is reasonably well studied. In
particular, numerous tuning rules for PID controllers are available.
See, e.g., A. O'Dwyer, Handbook of Pl and PID Controller Tunning
Rules, 3rd ed. Imperial College Press, 2009.
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First Order Plus Dead Time (FOPDT)

Process Model

Transfer function:
K —Ls

= e
Ts—+1 ’
where K is the static gain, T is the time constant (the time it takes

for the dynamic system to reach 63.2% of its total change without regard
to the transport delay), and L is the transport delay.

G(s) (13)
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First Order Plus Dead Time (FOPDT)

Process Model

Transfer function:
K —Ls

= e
Ts—+1 ’
where K is the static gain, T is the time constant (the time it takes

for the dynamic system to reach 63.2% of its total change without regard
to the transport delay), and L is the transport delay.

G(s) (13)

Impulse response:

ht) = &= gt — L), (14)

where 6(-) is the unit step (Heaviside) function.
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First Order Plus Dead Time (FOPDT)

Process Model

Transfer function:
K —Ls

= e
Ts—+1 ’
where K is the static gain, T is the time constant (the time it takes

for the dynamic system to reach 63.2% of its total change without regard
to the transport delay), and L is the transport delay.

G(s) (13)

Impulse response:

ht) = &= gt — L), (14)

where 6(-) is the unit step (Heaviside) function.
Step response:

gt =K -(1—e "T7)-0(t — L). (15)
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Integrator Plus Dead Time (IPDT) Process

Model

Transfer function: %
G(s) = —e L%, (16)

S
where K is the gain, and L is the transport delay.
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Integrator Plus Dead Time (IPDT) Process

Model

Transfer function: %
G(s) = —e L%, (16)

S
where K is the gain, and L is the transport delay.

Impulse response:

h(t) = K -0(t — L). (17)
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Integrator Plus Dead Time (IPDT) Process

Model

Transfer function: %
G(s) = —e L%, (16)

S
where K is the gain, and L is the transport delay.

Impulse response:

h(t) = K -0(t — L). (17)

Step response:

g#) =K -(t—L)-0(t — L), (18)
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First Order Integrator Plus Dead Time

(FOIPDT) Process Model

Transfer function:

K —Ls
p— e
s(Ts+1) ’

G(s) (19)

where K is the gain, T is the time constant, and L is the transport
delay.
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First Order Integrator Plus Dead Time

(FOIPDT) Process Model

Transfer function:

K —Ls

- s(T's + 1)e ’ (19)

G(s)

where K is the gain, T is the time constant, and L is the transport
delay.

Impulse response:

(t—L)

ht)=K-(1—e 7°)-0(t—L). (20)
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First Order Integrator Plus Dead Time

(FOIPDT) Process Model

Transfer function:

K —Ls

- s(T's + 1)e ’ (19)

G(s)

where K is the gain, T is the time constant, and L is the transport
delay.

Impulse response:

(t—L)

ht)=K-(1—e 7°)-0(t—L). (20)

Step response:

g(t) = K(Te "7 — L+t —T)8(t — L). (21)
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Frequency Domain Analysis of SISO

Systems!

Recall that for a function f(z) the Fourier series is given by

f(x) = %ao + Z an cos(nz) + Z by, sin(nx). (22)
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Frequency Domain Analysis of SISO

Systems!

Recall that for a function f(z) the Fourier series is given by

f(x) = %ao + Z an cos(nz) + Z by, sin(nx). (22)

This means that any signal u(t) can be represented by a Fourier series,
I.e., any signal can be seen as an infinite sum of weighted harmonic

functions.
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Frequency Domain Analysis of SISO

Systems!

Recall that for a function f(z) the Fourier series is given by

f(x) = %ao + Z an cos(nz) + Z by, sin(nx). (22)

This means that any signal u(t) can be represented by a Fourier series,
I.e., any signal can be seen as an infinite sum of weighted harmonic
functions. Now consider an input signal u(t) = sin(wt) passed through a
transfer function H(s) such that

u(t v

H(s)

The steady-state output will be y = Asin(wt + ¢).

T — more detail at htt p: // a- | ab. ee/ edu/ aj s/ freq/
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Frequency Domain Analysis of SISO

Systems (continued)

To construct the magnitude and phase response of a system
represented by a transfer function G(s) with transport delay L
substitute s = jw. Then, for

b (j0)™ 4 b1 (je)™ 7 4 - + b1(jw) + b0 __r(ju)

G(jw) =
) = o)™ ana Ge) ™ &+ @) +
(23)
for a particular frequency wy.
Ap = |G(jwr)|,  ¢r = arg(G(jwg)), (24)

where |-| denotes the absolute value, and arg(-)—the argument (in
radians) of the complex value G(jwy).
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Frequency Domain Analysis of SISO

Systems (continued)

e Frequency domain characteristics completely describe the behavior of
a linear, time-invariant system.
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Frequency Domain Analysis of SISO

Systems (continued)

e Frequency domain characteristics completely describe the behavior of
a linear, time-invariant system.

e Frequency response is graphically represented in the following ways:

o Bode plot—two separate graphs for magnitude and phase against
frequency, usually on logarithmic scales;
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Frequency Domain Analysis of SISO

Systems (continued)

e Frequency domain characteristics completely describe the behavior of
a linear, time-invariant system.

e Frequency response is graphically represented in the following ways:

o Bode plot—two separate graphs for magnitude and phase against
frequency, usually on logarithmic scales;

o Nyquist plot—a single graph depicting real vs. imaginary parts of
the response covering the full frequency range;
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Frequency Domain Analysis of SISO

Systems (continued)

e Frequency domain characteristics completely describe the behavior of
a linear, time-invariant system.

e Frequency response is graphically represented in the following ways:

o Bode plot—two separate graphs for magnitude and phase against
frequency, usually on logarithmic scales;

o Nyquist plot—a single graph depicting real vs. imaginary parts of
the response covering the full frequency range;

o Nichols plot—a single graph depicting magnitude vs. argument of
the response.
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Frequency Domain Analysis of SISO

Systems (continued)

e Frequency domain characteristics completely describe the behavior of
a linear, time-invariant system.

e Frequency response is graphically represented in the following ways:

o Bode plot—two separate graphs for magnitude and phase against
frequency, usually on logarithmic scales;

o Nyquist plot—a single graph depicting real vs. imaginary parts of
the response covering the full frequency range;

o Nichols plot—a single graph depicting magnitude vs. argument of
the response.

e Since it is possible to assess qualitative properties of the linear system
under study (e.g., relative stability margins), frequency domain
analysis is essential in control design.
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Frequency Domain Analysis of SISO

Systems (continued): Bode Plot
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Linear Systems: State Space Representation

Suppose that a system has p inputs u;(t), i = 1,2,...,p, and ¢q outputs yx (%),
k=1,2,...,q, and there are n system states that make up a state variable

T
vector r = [ r1 X2 -+ In ] . The state space expression of general

dynamic systems can be written as

i = fi(x1,2x2,. .., Tn, UL, U2, ..., Up), T=1,2,...,n,
(25)
Yk = gk (T1,T2, ..., Tn, UL, U2, ..., Up), k=1,2,...,q,

where f;(-) and gx(:) can be any nonlinear functions.
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Linear Systems: State Space Representation

Suppose that a system has p inputs u;(t), i = 1,2,...,p, and ¢q outputs yx (%),
k=1,2,...,q, and there are n system states that make up a state variable

T
vector r = [ r1 X2 -+ In ] . The state space expression of general

dynamic systems can be written as

Ti = fi(x1,T2,...,Tn, U1, U2, ..., Up), ¢t=1,2,..., 1M,
{ f( 1 2 1 2 p) (25)

Yk = gk (T1,T2, ..., Tn, UL, U2, ..., Up), k=1,2,...,q,

where f;(-) and gx(-) can be any nonlinear functions. For linear, time-invariant
systems the state space expression is

t=A B

x T + bu, (26)

y = Czx + Du,

T T
Whereuz[ul Uy - un} andyz[yl Yo v yq} are the

input and output vectors, respectively. The matrices A, B, C, and D are
compatible matrices with sizes n x n, n X p, ¢ X n, and g x p, respectively.
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Linear Systems: State Space

Representation: Characteristics

Definition 10. A system (26) is said to be asymptotically stable, when all
poles \;, i.e. roots of of det(sI — A) = 0, where I is the identity matrix, have

negative real parts, that is

%()\l) <0, 1=1,2,...,n. (27)
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Linear Systems: State Space

Representation: Characteristics

Definition 10. A system (26) is said to be asymptotically stable, when all
poles \;, i.e. roots of of det(sI — A) = 0, where I is the identity matrix, have

negative real parts, that is
%()\l) <0, 1=1,2,...,n. (27)

Definition 11. The system (26) is said to be completely controllable, if it is
possible to choose such input signals u(t) that allow to move the system from
state x(0) to state x(t) in finite time. The controllability condition is

rank[B AB A?B ... A“_lB}:n. (28)
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Linear Systems: State Space

Representation: Characteristics

Definition 10. A system (26) is said to be asymptotically stable, when all
poles \;, i.e. roots of of det(sI — A) = 0, where I is the identity matrix, have
negative real parts, that is

%()\l) <0, 1=1,2,...,n. (27)

Definition 11. The system (26) is said to be completely controllable, if it is
possible to choose such input signals u(t) that allow to move the system from
state x(0) to state x(t) in finite time. The controllability condition is

rank[B AB A?B ... A“_lB}:n. (28)

Definition 12. The system (26) is said to be completely observable, if all
system states are measurable from output variable values. The observability
condition is

rank

[CT oTAT CT<AT)2 CT<AT)”1}T]n. (29)
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Linear Systems: Linear Quadratic Optimal

Control (LQR)

To design a state-feedback control law u = —Kx we minimize the
quadratic cost
J— / (xTQx + uTRu) dt, (30)
0
where () and R are compatible design matrices, subject to + = Az + Bu

of (26).
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Linear Systems: Linear Quadratic Optimal

Control (LQR)

To design a state-feedback control law u = —Kx we minimize the
quadratic cost

J = / h (xTQx + uTRu) dt, (30)
0

where () and R are compatible design matrices, subject to + = Az + Bu
of (26). The solution is obtained by solving the Riccati equation

ATS+SA—-SBR'B'S+Q =0 (31)

and taking K = R~'B'S.
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Linear Systems: Linear Quadratic Optimal

Control (LQR)

To design a state-feedback control law u = —Kx we minimize the
quadratic cost

J = / h (xTQx + uTRu) dt, (30)
0

where () and R are compatible design matrices, subject to + = Az + Bu
of (26). The solution is obtained by solving the Riccati equation

ATS+SA—-SBR'B'S+Q =0 (31)

and taking K = R~'B'S.

The closed-loop system becomes

{j; — (A - BK)z + Bu, (32

y = Cx + Du.
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Questions?

Thank you for your attention!
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