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Brief Introduction to the Kalman Filter
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Motivation: Level measurement example
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Consider the following example problem.

• The task is to estimate the current level of liquid in a tank.

• The measurements are obtained using a float—a simple
electromechanical device.

The challenge in direct measurement is due to

• The liquid in the tank could be filling, emptying or static and

• the liquid could be sloshing or stagnant.

Thus, liquid dynamics can result in oscillation of the float and thus
introduce an error in measurement which could be seen as
measurement noise. For real time applications such as liquid level
control this could cause problems.



Level measurement example (continued)
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Solution?
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From an engineering standpoint, several solutions can be proposed
to tackle measurement noise. Some examples:

1. Design and use a lowpass filter;

2. Design and use an averaging filter;

3. Use a model of the process and combine computed outputs
with actual measurement data to obtain an estimate of the
true state.

Out of the listed solutions, the first two—if applied to feedback
control—result in the change of process dynamics, because both of
these types of filters introduce a phase lag.

Perhaps one should consider the third option?



Rudolf E. Kalman (1930-2016)
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In 1960, Kalman defined and published1 a recursive solution to the
discrete signal linear filtering problem. We now refer to this
solution generally as the Kalman filter.

1R. E. Kalman, “A New Approach to Linear Filtering and Prediction Prob-
lems”. Journal of Basic Engineering, 82 (1), pp. 35–45, 1960.



Applications of the Kalman Filter
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A famous example of using the Kalman filter is in the Apollo 8
Mission. Since then, it has been used in numerous other
applications. Some examples:

• Tracking objects (in large- and small-scale environments);

• Navigation;

• Economics;

• Computer vision applications (e.g., stabilizing depth
measurements);

• Data fusion.

Generally, whenever a real-time estimator is necessary, Kalman
filter should be considered.



What is the Kalman filter?
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The Kalman filter is a set of mathematical equations that
implement a predictor-corrector type estimator which is optimal in
the sense that it minimizes the estimated error covariance.

The basic idea is

Noisy data in → Kalman filter → Denoised data out

with the filter working in real time.

Understanding the inner workings of the Kalman filter requires a
strong background in probability theory and statistics. We shall
approach the problem of employing the Kalman filter from the
perspective of numerical optimization.



Level measurement example: Using the KF
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Design of the linear Kalman filter
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For the successful implementation of the filter, we will require:

• A coherent system or process model;

• Numerical optimization tools for tuning the filter parameters.

In the practical portion of this lecture, we will be using the discrete
linear Kalman filter (LKF). On the other hand, other types of this
filter are also available, e.g.:

• Extended Kalman filter (EKF) that uses nonlinear models;

• Unscented Kalman filter (UKF)—a more advanced variant of
the EKF that produces more accurate results.

The discussion of these modifications of the original algorithm fall
outside the scope of this brief introduction.



Discrete-time Process Model
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We assume that the model with the state vector x ∈ R
n and

measurement (output) vector z ∈ R
m is described by

xk = Axk−1 +Buk +wk−1, (1)

where u ∈ R
p denotes the input to the model, w is process noise

and k is the sample step, and

zk = Hxk + vk, (2)

where v is measurement noise. The dimensions of the state matrix
A are n× n, of input matrix B they are n× p, and of observation
matrix H they are m× n.

Proper choice of the model in (1) is very important.



Kalman filter: Estimates and errors
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Denote by x̂k ∈ R
n the estimated state and x̂−

k ∈ R
n the a priori

state estimate (i.e., after prediction, but before observation). Then:

• Estimation errors are defined as

e−
k
= xk − x̂−

k
, ek = xk − x̂k. (3)

• Error covariance matrices are defined as

P−

k
= E

[

e−
k
e−

T

k

]

, Pk = E
[

eke
T
k

]

, (4)

where E[·] is the expectation.

The task of the Kalman filter is to update x̂k and Pk.



Kalman filter: The equations
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The prediction step:

x̂−

k
= Ax̂k−1 +Buk, P−

k
= APk−1A

T +Q. (5)

The update step:

x̂k = x̂−

k
+Kk

(

zk −Hx̂−

k

)

, Pk = (I−KkH)P−

k
, (6)

where I is the identity matrix and Kk is the Kalman gain defined
as

Kk =
P−

k H
T

HP−

k
HT +R

. (7)

Matrices Q and R are related to the properties of noise and
disturbance and—as the process model—must be chosen correctly.



Kalman filter: Choice of Q and R
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Given the model in (1) and measurement in (2),

• The process noise w is drawn from N (0,Q) with covariance
matrix Q;

• The measurement noise v is drawn from N (0,R) with
covariance matrix R.

(Here, N (0, ·) denotes the normal distribution with zero mean.)

Thus, if precise noise models are known, then Q and R can usually
be derived from them. Another option would be to estimate these
matrices using optimization for θ as

Q = diag(q), R = diag(r), θ =
[

q r
]

. (8)



Practical Exercise: Object Tracking
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Problem summary
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The problem is to estimate the trajectory2 of an object moving in a
plane given noisy location measurements of the coordinates. The
task of setting up a suitable Kalman filter is to be carried out in
MATLAB and consists of the following steps:

1. Generate a sample trajectory;

2. Write an LKF function operating on the set of all coordinates;

3. Create a script for obtaining the q and r vectors of the filter
via numerical optimization;

4. Test the filter on the given dataset;

5. Generate a new trajectory and validate the filter.
2For this problem, we are going to apply the LKF offline, but the developed

filter will also be able to perform in real time



Setting up the model
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We are going to set up an autonomous3 model of a moving object
following the discussion in [2]. The state vector is

x =
[

x y ẋ ẏ
]T

,

where (x, y) are the coordinates of the object and (ẋ, ẏ) are
corresponding velocities. If we denote the time interval between
measurements as ∆t, the matrices of the model in (1)–(2) are

A =









1 0 ∆t 0
0 1 0 ∆t

0 0 1 0
0 0 0 1









, H =

[

1 0 0 0
0 1 0 0

]

.

3autonomous means there are no inputs



The filter tuning approach
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We have previously selected a search variable vector θ for the
optimization problem associated with filter tuning as follows

θ =
[

q r
]

, where Q = diag(q), R = diag(r)

are process and measurement noise covariance matrices. Next, the
objective function for the optimization problem could be chosen as

J =
N
∑

k=1

(xk − x̂k)
2 + (yk − ŷk)

2

where (xk, yk) are real, “ideal” coordinates, (x̂k, ŷk) are the
estimated coordinates and k = 1, 2, ..., N are sample indices.

NB! Assumptions: real location known, noise can be approximated.



Existing MATLAB files for the exercise

Aleksei Tepljakov 19 / 24

The following scripts that are made available to you for completing the
exercise4:

• lkf_gen_trajectory.m — use this script to generate the trajectory of
the moving object. You can change some constant parameters discussed
later to alter the properties of the noise. Once you execute this script, a
new figure window will open. Click and drag on it to create the trajectory
in one stroke. Once you release the left mouse button, the trajectory is
processed and noise is added according to the settings.

• lkf_test.m — use this script to run the LKF (more on this later), plot
the performance graph and compute some performance measures.

• optimize.m — the function we will use for tuning the filter parameters.

• sim_resample.m, store_pt.m, colv.m — helper functions that we
will not be using directly.

4The solution was designed and tested in MATLAB R2018b



Trajectory generation settings overview
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The following constants can be changed in the trajectory
generation script:

• KF_SAMPLE_RATE — sampling interval in seconds.

• KF_COORD_BOUNDS — trajectory graph coordinate bounds
vector in format

[

xmin xmax ymin ymax

]

.

• KF_NOISE_LVL — measurement noise amplitude.

• KF_DISTURBANCE_STR — process noise amplitude.

• KF_DISTURBANCE_REG — process noise regularity:
disturbance will be introduced on every kth sample.

Signal-to-noise ratio (SNR) will be computed automatically, so you
can adjust these parameters to match your problem.



Needed MATLAB files for the exercise
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You need to create the following files for solving the exercise:

• lkf_position_2d.m — MATLAB function to implement an
offline Kalman filter. It must have exactly the following input
arguments: xy — a N × 2 matrix of coordinate measurements where
each row is of the form

[

xk yk
]

; dt — the scalar value of the
sampling interval; q — q vector with n elements; r — r vector with
m elements. The function must return a xy_new matrix of
dimensions N × 2 where each row is of the form

[

x̂k ŷk
]

.

• lkf_optimize.m — a script in which you set up the optimization
problem (define the cost function) and solve it using the provided
optimize.m function. You may use the following workspace
variables generated by the trajectory drawing script: pos_xy_m are
measured coordinates, pos_xy are ground truth coordinates, and
dt is the sampling interval.



Example: Initial trajectory with assumed
noisy measurements
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Example: Measured trajectory after
applying the tuned LKF
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