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Intro

To solve control problem it is necessary to understand the process, we need to
know what should be automated, no matter how advanced technique we can use!
(devices used to control are discussed in course ISS0065).

We discuss:
Description of the process;
Simple processes (first and second order);
Process examples (thermal, chemical, level);
Process models.

Remember: process model is nothing more than a mathematical abstraction of a
real process!
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Modeling

The basic steps in control systems are: modeling, controller design and controller
validation. The modeling process can be achieved by any combination of the
approaches which are described further.

Controller
designStart Validation StopModeling

Control unsatisfactory: reconsider the model

Figure: Modeling process

Our aim is to obtain a description of system dynamical behavior in terms of some
physically significant variables. As nature of the system changes, the system
variables change [1].

3 / 36



Lecture 4:
Processes

Kristina
Vassiljeva

Systems
Descriptions

Conservation Laws

Linearization

Examples
Flow System

Mixing processes

System definitions

The more assumptions we make, the simpler the structure of the model will be.

system environment

border Definitions are used:
System phases
System equilibrium
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System classification

Dynamic model is the generic name given to mathematical system models which
described by differential or transform equations. These models intended for analysis
and design of the controllers or detailed investigation of fundamental properties of
the system.
Dynamic analysis models: obtained by analysis of the physical system at a

fundamental level, involving approximations sufficient to simplify the
model to a differential equation form.

Dynamic identification models: obtained by (statistical) inference from the
observed behavior of the physical system [1].
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Description of the system

System: components (parts/units) and relationships between them.

There are 3 types of matter/energy changes in the system:

Accumulation (gathering, storage)

Causes the transition processes: capacity, lag

Flows (movement)

Flows values are limited (6=∞): conductance

Loss

Energy → Heat
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Conservation Laws

All three types can be gathered using physical value X conservation laws [2]:

Mass (m),
Load (q),
Energy (E),

Momentum (mv),
Rotation (Jω), etc.

Changes of the value can be described:

Xaccumulation = Xinflow −Xoutflow ±Xleakage/absorbtion (1)

Change rate
in the system

Flow through the
boarder

Leakage/
absorption
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Balance

How to obtain a process model from conservation laws?

Using the definition: flow F = X/t

dX

dt
=
∑

Fin −
∑

Fout ± Fl (2)

This is the value X balance in one dimensional environment.

Table: System types

System types Mass Energy
Isolated constant constant
Closed constant -
Open - -
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Steady-State

Steady-state(s-s)—working point where dx/dt = 0.
Ẋin = Ẋout Relationship associates inputs and outputs, often is nonlinear.

max

min

0 100%

u

x
Limits exist (min,max)
Deviations from the linear dependencies

±20%–imperceptible
±50%–appreciable

Process steady-state is equally important as process dynamics. S-s relationships are
often used for process design and determination of optimal operating conditions.
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Linear Models

Many systems can be described by single-state models, where the output is the
state. In that case it can be represented by the first-order differential equation

τp
dy

dt
+ y = Kpu, (3)

where y is the output variable and u—the input variable.

Apply the Laplace transformation for each term

L

[
τp

dy

dt

]
= τpL

[
dy

dt

]
= τp [sy(s)− y(0)] = τp · sy(s)

L [y] = y(s)
L [Kpu(t)] = Kp ·L [u(t)] = Kpu(s)

we obtain (τps+ 1)y(s) = Kpu(s).
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Linear Models

The first order transfer function

y(s) =
Kp

τps+ 1
u(s).

Many processes have a delayed response to a process input. Such processes can be
described as First-Order-Plus-Dead-Time (FOPDT) transfer function

G(s) =
Kp

τps+ 1
e−θs, (4)

where θ is a time delay. It is also called dead time or transport lag.

τp
dy(t)

dt
+ y(t) = Kpu(t− θ), (5)

Time delays have a strong influence on the control system and may drastically
degrade the performance [3].
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Asymptotic Theorems

If process is stable we can find values of the time domain functions at two extremes
t = 0 and t =∞, without inverse transform.

Initial-value theorem
lim
s→∞

[sF (s)] = lim
t→0

f(t)

Final-value Theorem
lim
s→0

[sF (s)] = lim
t→∞

f(t)

In control we use final-value theorem quite often [4].
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Working Point

Control engineers like to think in terms of “deviation variables”, that is
perturbations from a steady-state operating conditions.
Choice of the working point (xs)—focusing on the local behavior of the process
described by a linear model. Only valid in the vicinity of a specific operating point.

f

xxs

fs

∆sx

∆sf

The nonlinear function f(x) can be expanded
around the reference point xs using Taylor series
expansion. And if xs is a steady-state value
dxs
dt

= 0 = f(xs), then using only first-order
term, we obtain a linear equation.

dx

dt
≈ f(xs)+

df(x)

dx

∣∣∣∣
xs

(x−xs) = f(xs)+
df(x)

dx

∣∣∣∣
xs

·∆sx

(6)

13 / 36



Lecture 4:
Processes

Kristina
Vassiljeva

Systems
Descriptions

Conservation Laws

Linearization

Examples
Flow System

Mixing processes

Linearization

Since steady-state is chosen as operating point, so f(xs) = 0

dx

dt
≈ df(x)

dx

∣∣∣∣
xs

·∆sx ⇒ d(x− xs)
dt

≈ df(x)

dx

∣∣∣∣
xs

·∆sx

or

d∆sx

dt
≈ df(x)

dx

∣∣∣∣
xs

·∆sx = a ·∆sx, (7)

where ∆sx = x− xs – is deviation variable, and a – constant that corresponds to
the derivative of the function evaluated at steady-state.

We obtained linear equation in terms of deviation variable ∆sx.
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Linearization

For one state and one input

dx

dt
= f(x, u) ≈ f(xs, us) +

∂f(x, u)

∂x

∣∣∣∣
xs,us

·∆sx+
∂f(x, u)

∂u

∣∣∣∣
xs,us

·∆su

or

d∆sx

dt
≈ ∂f(x, u)

∂x

∣∣∣∣
xs,us

·∆sx+
∂f(x, u)

∂u

∣∣∣∣
xs,us

·∆su = a ·∆sx+ b ·∆su (8)

We are always interested in tracking the variables of interest as they fluctuate near
the equilibrium (steady-state) point. Explaining the dynamic behavior with
reference to the desired operating point [3].
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Flow System Example

Consider a tank with free outflow. The tank has a cross section A (m2), the level
of the liquid in the tank is h (m), ρ—density of the liquid.

Task:
1 Provide differential equation (process model)

where outflow depends on the liquid level.
2 What is the steady-state of the given

process?
3 Linearize system near some operating point.
4 Provide system transfer function.
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Conservation Law

{
rate of mass
accumulation

}
=

{
rate of mass
in by inflow

}
−
{

rate of mass
out by outflow

}
±
{

rate of mass
leakage/absorbtion

}
Conservation law of mass

macc = min −mout (9)

For this process we assume that the density is constant.
Don’t forget there is two types of flows: Q (kg/s)—mass flow and F
(m3/s)—volumetric flow.

Block diagram:

Fin

Fout

system
h

input

disturbance

output

State variable: m = ρV = ρAh

d(ρV )

dt
= Qin −Qout (10)

d(ρAh)

dt
= ρFin − ρFout (11)
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State Variable Equation

As ρ = const and A doesn’t change (11) can be written as state variable equation

dh

dt
=

1

A
(Fin − Fout) (12)

The flow through valve depends on several parameters

Fout = Cvf(x)

√
∆Pv
s.g.

,

where Cv is the valve coefficient, x is the fraction of the valve, s.g.—specific
gravity of the fluid and ∆Pv—the pressure drop across the valve.
On the other hand, applying Bernoulli’s law (see Lecture 3, p. 17)

Fout(t) = a
√

2gh(t),

where a is a cross-sectional area of the outlet and g—the acceleration of gravity.
18 / 36
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State Variable Equation

In both cases for the specific process outlet can be modeled as a nonlinear function
of the liquid level Fout(t) = n

√
h(t), where n depends on the properties of the

liquid and valve.
Thus, process model is

dh

dt︸︷︷︸
state variable

=
1

A

(
Fin − n

√
h
)

=
1

A
Fin︸ ︷︷ ︸

input

− n

A

√
h︸ ︷︷ ︸

state

. (13)

The nonlinear function f(h) can be expanded around the reference point hs using
Taylor series expansion.
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Steady-State

The initial condition is h(0) = hs, the steady-state value

df

dt
= 0.

h

FinFinmaxFs

hs

hmax

At steady-state we can rewrite (13) as

0 = Fin − Fout = Fs − n
√
hs

f(Fs, hs) = 0 (14)
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Function linearization

At working point hs we want to linearize the function dh
dt = 1

AFin −
n
A

√
h

h

FinFs

hs

∆sF

∆sh

Now define deviation variables

Fin = Fs + ∆sF (15)

h = hs + ∆sh (16)

f(Fs + ∆sF, hs + ∆sh) =

0︷ ︸︸ ︷
f(Fs,hs) +

∂f

∂Fin

∣∣∣∣ Fs
hs

·∆sF +
∂f

∂h

∣∣∣∣ hs
Fs

·∆sh (17)

d∆sh

dt
=

1

A
·∆sF −

n

A
· 1

2
h

( 1
2
−1)

s ·∆sh =
1

A
∆sF −

n

2A
√
hs
·∆sh
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Transfer Function

Laplace domain

G(s) =
Kp

1 + τp · s
(18)

Time domain

τ
dy

dt
= −y +Kpu (19)

If ∆sh is a state variable and ∆sF—input to the system, then transfer function
can be found

d∆sh
dt = 1

A∆sF − n
2A
√
h0
·∆sh

τ dy
dt + y = Kpu


d∆sh

dt + n
2A
√
hs
·∆sh = 1

A∆sF ⇒

⇒ 2A
√
hs

n︸ ︷︷ ︸
time constant

·d∆sh
dt + ∆sh =

2@@A
√
hs

n@@A︸ ︷︷ ︸
gain

∆sF

Thus,

G(s) =
2
√
hs
n

1 + 2A
√
hs

n · s
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Concentration

Two process streams are mixed to produce one of the feeds [5, 6, 7].
Substance (X) is included in the total quantity of the substance.

c =
mx∑
m

[kg, L,mole
kg,m3

]
c = (0 . . . 1) or (0% . . . 100%)

c ≥ 0 a non-negative!

Mass balance: conservation of mass min −mout = maccumulation
Component balance:

{
rate of accumulation
of component

}
=

{
rate of inflow
of component

}
−
{

rate of outflow
of component

}
+

 rate of generation
of component by
chemical reactions


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Concentration (2)

dmc

dt
= qincin − qoutcout −RV, (20)

where R depends on kr—kinetic rate constant, c concentrations of the components
in chemical reaction.
m = ρ · V, ρ = const and independant of T →

∑
Vxin −

∑
Vxout ≈ Vxaccum .

V

q, c

q2, c2q1,c1 Two inflows q1—given, q2—Manipulated Value
Outflow: Over-flow (V = const)
q = q1 + q2 regardless of the inflows

dmc

dt
= qincin − qoutcout
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Concentration (3)

ρV
dc

dt
= c1 · q1 + c2 · q2 − c · (q1 + q2) (21)

ρV
dc

dt
+ ρ(F1 + F2) · c = c1 · q1 + c2 · q2,

where Fi is volumetric flow.
V

F1 + F2

dc

dt
+ c =

c1q1 + c2q2

q1 + q2

Steady state: c = . . .,

O

q2

q

c

Transfers: time constant
τ = V/(F1 + F2)
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Simplified Mixing System

Two liquids a and b are mixed in order to achieve a concentration c of substance
X. Outflow concentration is measured (quantity of substance X in total volume
%). Inflow concentrations are ca = 2% and cb = 96%.
During mixing process volume does not change. Inflow qb can be manipulated in
order to obtain the needed product concentration. Outflow rate is
q = 10 . . . 100 [l/min].

qb, cbqa, ca

ub

q, c

The following assumptions are applied:
1 Mixture V is constant
2 ρ is constant and independent of T
3 Tank is well mixed; ca and cb are constant
4 Heat of mixing is negligible, as well as rate of

chemical reaction
26 / 36
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Task

1 Calculate I/O characteristics and the gain (with different consumption rates).
Provide result with a graph and equation. With an input rate of 0 . . . 5%
concentration sensor provides output signal cx = 0 . . . 100%. The actuator is
chosen so, that its 90% control signal ub provides concentration of 7% with a
maximal consumption.

2 Calculate sensor signal cx(%), actuator control signal ub and gain Ksys

(output cx dependence on control signal ub) in order to obtain concentration
c = 4% with minimal and maximal consumption q.

3 What is the transfer function of the system if sensor is placed 100 cm from the
tank and pipe r = 5 cm?

Product concentration can

c =
mx · 100%

m
=
qx · 100%

q
27 / 36
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Component balance

{
rate of accumulation
of component

}
=

{
rate of inflow
of component

}
−
{

rate of outflow
of component

}
+


rate of generation
of component by
chemical reactions


dmc

dt
= qincin − qoutcout −RV, (22)

where R depends on kr—kinetic rate constants (rate of chemical reaction is
neglected R = 0), c concentrations of the components in the chemical reaction.

dmc

dt
=

d(ρV c)

dt
= in− out = (ρFaca + ρFbcb)− ρFc

Since ρ and V are constant process model is determined as

V
dc

dt
= Faca + Fbcb − Fc.
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Steady-state

Steady-state
dc

dt
= 0 ⇒ Fc = Faca + Fbcb

Fb is manipulated parameter, so Fa should be evaluated as Fa = F − Fb.

Fb

Fout

system
c

input

disturbance

output

Concentration of the final product can be written
as

c =
(F − Fb)ca + Fbcb

F
= ca +

Fb
F

(cb − ca) (23)

c = 2% +
(96%− 2%)Fb

F
= 2% + 94%

Fb
F
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Process Gain

Gain of the process can be found from (23)

Kp =
dout
din

=
dc

dFb
=
cb − ca
F

. (24)

 

F

Kp

10 l/min 100 l/min

9.4

 
%
l/min

With minimal outflow

Kpmin =
(96− 2)[%]

10[l/min]
= 9.4

[
%·min

l

]
;

with maximal outflow

Kpmax =
(96− 2)[%]

100[l/min]
= 0.94

[
%·min

l

]
.
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Sensor

System block diagram

actuator process sensor
ub Fb

F

c cx [%]

With an input rate of 0 . . . 5% sensor provides output signal cx = 0 . . . 100%.

 

c

cx

0 % 5 %

100 %

Provided information about sensor corresponds to
linear dependency

Ks =
∆outs
∆ins

=
∆cx
∆c

=
(100− 0)[%]

(5− 0)[%]
= 20

cx = 20 · c
31 / 36
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Actuator

The actuator is chosen so, that its 90% control signal ub provides concentration of
7% with a maximal consumption.

From block diagram and (23) system input can be derived as follows{
Fb = ub ·Kac

Fb = c−ca
cb−caF

. (25)

If control law ub = 90% then concentration is c = 7%. Providing given values into
(25)

Kac · 90% =
7%− 2%

96%− 2%
· Fmax

gives us gain of the actuator equal to

Kac =
5%

94%
· 100[l/min]

90%
= 0.059

[
l

min·%

]
.
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System Input Range

If product concentration should be c = 4% then from (25)

ub =
Fb
Kac

=

c−ca
cb−caF

Kac
(26)

Control signal value with minimal outflow

ubmin
=

4−2
96−2 · 10

0.059
=

20

5.546
= 3.6 [%] ;

control signal value with maximal outflow

ubmax =
4−2
96−2 · 100

0.059
=

200

5.546
= 36.1 [%] .

Range of the control signal to hold product concentration at c = 4% is
ub = [3.6 . . . 36.1] %.
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Delay of the sensor

Sensor is placed 100 cm from the tank and pipe r = 5 cm.
If flow inside the pipe is constant F = const then volume of the product passing
through the pipe depends on the following parameters

∆V

∆t
= F.

If sensor is set at some distance from the tank, time t needed to pass volume of the
product to the sensor will be considered as its delay. Thus, knowing cross-sectional
area of the pipe a = πr2 and its length l delay of the sensor for specific conditions
of the system can be calculated

θs =
V

F
=
a · l
F

=
πr2l

F
. (27)
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Delay of the sensor with minimal outflow

θsmin =
3.14 · 0.052[m2] · 1[m]

10[l/min]
=

7.85 · 10−3[m3] · 60[s]
0.01[m3]

= 47.1[s];

with maximal outflow

θsmax =
3.14 · 0.052[m2] · 1[m]

100[l/min]
=

7.85 · 10−3[m3] · 60[s]
0.1[m3]

= 4.7[s]

Transfer function of the sensor

Gs(s) = Kse
−θss

35 / 36
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Transfer Function of the System

Time constant of the process

V
dc

dt
= Faca + Fbcb − Fc.

τp
dy
dt + y = Kpu


V

dc

dt
+ Fc = (F − Fb)ca + Fbcb ⇒

⇒ V

F︸︷︷︸
time constant

·dcdt + c =
cb − ca
F︸ ︷︷ ︸
gain

Fb + ca

Gain of the system is

Ksys = Kac ·Kp ·Ks = 0.059 · 94

F
· 20 =

110.92

F
According to system block diagram

G(s) = Gac ·Gp ·Gs =
Kac ·Kp ·Ks

1 + τps
e−θss (28)
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