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Thermal conduction

Conduction takes place within stagnant gas or liquid layers (layers, which are sufficiently
thin that no convection as a result of temperature gradients can occur), solids or on the
boundary between solids [1].

T1 T2
q

A x

Fourier’s law:

Qconduction

A
= −λdT

dx

heat flow q [W/m2] per surface A = 1 m2 is ∼ temp.
gradient

Transport property λ – thermal conductivity [W/(m·K)]. With a fixed thickness x
(area A = 1 m2) parameters:

q = α ·∆T = ∆T/R,

where α - heat transfer coefficient α = λ/x [W/(m2·K)],
R - thermal resistance R = x/λ [m2·K/W].
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Steady-state conditions

With multi-layer structure thermal resistances∑
Ri = x1/λ1 + x2/λ2 + . . .+ xn/λn

Under steady-state conditions temperature distribution is linear

1

A

dQconduction

dt
= −λT2 − T1

x
.

If at the same heat flow, the thermal conductivity of material is larger, then
temperature gradient will be smaller.

Example
Copper pot r = 12 cm and thickness x = 5 mm. Temperature of the heater is
Tb = 115 ◦C, inside Ti = 100 ◦C. What is the heat flow q?
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Thermal conductivity values

Material Value [W/(m·K)] Material Value [W/(m·K)]
Cu 390 Wood 0.11
Al 210 Silicate cotton 0.04
Fe 50 Leather 0.017

Steel 16 Fat 0.21
Concrete 1.55 Air 0.024
Water 0.61 Glass 0.96
Ice 2.2 Rubber (nat) 0.13
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Convection

At an interface between gas and liquid or solid or between liquid and solid. It can
be in the form of free convection, such as in the case of a central heating radiator,
or it can be forced convection, for example, an air flow from a blower [1].

 

x 

T
 

 

x1  

k1  

x2  

k2  T1  

T2  

surface	layer

The heat flow per unit area

dQconvection

dt
= Ah(T1 − T2),

where h - convective heat transfer
coefficient of the process
[W/(m2·K)].
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Convective Heat Transfer

Material Value
[
W/
(
m2 ·K

)]
gas, natural convection 3–25

motionless air 2.7
fluid (nat) 20–60

boiling water 4000–15000
vapor condensation 10000–20000

Example
Window with 3 layers of glass with thickness of xg = 5 mm. The distance between
glasses is xa = 2, 5 mm and its area is A = 2 m2. Temperature outside the window
is Te = −10 ◦C, and inside T = 20 ◦C. Thermal conductivities λg = 0.84 W

m·◦C and
λa = 0.0234 W

m·◦C , respectively.
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Thermal radiation

Heat transport can also take place from one object to another object through
radiation.

Qradiation

A
= εσT 4,

where σ = 56.7× 10−9 [W/m2K4] is the Stefan-Boltzmann constant and ε is
radiative property of the surface known as emissivity.
If an object is radiating energy to its cooler surroundings the net radiation heat loss
rate can be expressed as follows, where temperature difference between hot Th and
cold Tc bodies

Qradiation = εσAh(T 4
h − T 4

c ),

where surface Ah of a hot area.

7 / 12



Lecture 5:
Heat transfer

and
Experimental
estimations of

the model
parameters

Kristina
Vassiljeva

Heat transfer
Conduction

Convection

Thermal radiation

Experimental
estimations of
the model
parameters

Radiation: Example

Example

Kettle (h = 0.15 m, r = 0.06 m) with a boiling water is turned off. Its temperature
is 100 ◦C and the temperature of the environment equals to Te = 20 ◦C. What is
the heat transfer into environment if emissivity of the material is ε = 0.17 W/m2?
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Step Response

Now we investigate step input U(s), deriving expressions for Y (s) and the resulting
response y(t).
For a step input of magnitude M ,

U(s) =
M

s

and transfer function becomes

Y (s) =
KM

s(τs+ 1)
.

Using Laplace transform, the time domain response is

y(t) = KM
(

1− e−t/τ
)
. (1)
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First order process response

Exponential term
(
1− e−t/τ

)
describes how fast system approaches its new

steady-state.

0
 

tτ 2τ 4τ3τ 5τ

63%

86%
95% 98% 99%

y(0)

y(∞)

t 1− e−
t
τ

0 0
τ 0.6321
2τ 0.8647
3τ 0.9502
4τ 0.9817
5τ 0.9933
∞ 1
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Transformations

Sometimes a variable transformation can be used to transform a nonlinear model so
that linear regression can be used

t

τ
= − ln

(
1− y(t)

KM

)
(2)

or if we have a point at time tk time constant can be found

tk
τ

= − ln

(
1− yk

y∞

)
For step responses of higher-order systems such transformations are not feasible [2]!
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Non-zero initial parameters

t

y(0)

y(∞)

0

y(t) = yo + (y∞ − y0)
(

1− e−
t
τ

)
,

thus time constant

tk
τ

= − ln

(
1− yk − y0

y∞ − y0

)
. (3)

If there is delay in the process, then (3) should involve the time shift t− θ

tk − θ
τ

= − ln

(
1− yk − y0

y∞ − y0

)
.
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