ISS0031 Modeling and Identification

Lecture 3

Convex set and function

Let S#0,S C R" and x,75 € S.

Definition 1. The set [z1, 9] = {z|r = Ax; + (1 — N)x2,0 < X < 1} is called a line
segment with the endpoints x1, xs.

Example 1: Let x;(2,1) and x9(4,3). Next, using the formula from Definition 1,
we get
0<A<1

Definition 2. A set S in a vector space over R is called a convex set if the line
segment joining any pair of points x1,xs € S lies entirely in S.

Example 2: Consider different examples of convex and non-convex sets.

X1 X2
(a) convex (b) non-convex
X1
NZ
(c) convex (d) non-convex



Proposition 1. A solution set IL for the linear inequality a1x1+asxo+- - -+ a,x, < b
1S a convex set.

Proof: Let the points Cy(ci,c), ..., cl) and Co(c?,c3,...,c%) be solutions of the
given inequality. Then,

1 1 1
aycy + ascy + -+ apc, <b

2 2 2
aycy +asc; + -+ apc, < b

Next, we multiply the first inequality by A, the second inequality by 1 — A and add
results

al(/\c} +(1— )\)C%) + ag(/\cé +(1-— )\)cg) + ..
+an(Aeh + (1 =X)c2) <A+ (1= Nb=b.

Using the obtained result, we can conclude that the point C'(Act + (1 — N)e?, Ael +
(1 =N, ... Ak + (1 =XN)c2) = A0 + (1 =Ny € L. |

Proposition 2. The intersection of any finite number of convexr sets is a convex
set.

Proof: Suppose Si, 52, ...,S, are convex sets. Then their intersection (_, S; =
{x:xeSVi=1,...,n}is also a convex set. To see this, consider =1, zs € (i, S;
and 0 < A < 1. Then, Ax; + (1 — Ny € S; for i = 1,...,n by Definition 2.
Therefore, Azy + (1 —0)z2 € (i, Si. |

Corollary 1. The solution set of a system of linear inequalities is a convex set.
Corollary 2. The solution set of linear equations is a convex set.

Corollary 3. The solution set of constraints for linear programming problem (set
of feasible solutions) is a conver set.

Next, we present the generalization of Definition 2.

Definition 3. Given a finite number of points x1, s, ..., 2, in a real vector space,
a convexr combination of these points is a point of the form a1z + oxo+- - -+ Ty,
where the real numbers o; > 0 and oy + g + -+ + o, = 1.

Example 3: Consider two special cases of Definition 3:

Case 1: Let n = 2, then a convex combination of points i, x5 is in the form
T = A&7+ 222, where \{+Xy = 1 and A, Ay > 0. Denote by Ay = A, then Ay = 1—\
and we get that the convex combination of two points is z = Azx; + (1 — \)zs.
Case 2: Let n = 3, then x4, = asxs + asx3, where
as + A3 = 1 and ag,a3 > 0; o = [ixy + Laxy,
where 6, + 4 = 1 and (1,84 > 0. Then, we get
that the convex combination of 3 points is: =z =

X2
/<\
X1 X4
Brzy + Ba(ane +azrz) = B111 + Bacns + Siazry =
/\11’1 +/\21’2+)\3{L‘3, where /\1—|—/\2+)\3 = 61+(640[2+

Baos) = P + Ba(as + ag) = B+ B = 1. X3




Definition 4. Let x be a convex combination of points from the set S. Then, S is
called conver if x € S.

Example 4: Verify that the point P(6,3) is an interior point of the set

—41'1 + 71’2 S 13
633'1 — X2 S 47
Ty + 31’2 Z 11
and express P as a convex combination of the vertices of the solutions of these
system.

Substituting coordinates of the point P to each inequality, one can see that all of
them hold. Therefore, the point P(6,3) is the interior point of the corresponding
polytope. Draw the graphs of given inequalities as follows.

X2

One may easily see that the obtained polytope has 3 vertices. In order to find
coordinates of A, B and C, we have to solve 3 systems of linear equation. Let us
find coordinates of the point A. For that purpose we have to solve the following
system of linear equations.

—4x1 4+ Txeg =13
Ty + 3ZL‘2 =11

One method for solving such a system is as follows. First, solve the second equation
for x1 in terms of x5 as x; = 11 — 3x5. Now, substitute this expression for z; into
the first equation as —4(11 — 3x) + 7xs = 13. This results in a single equation
involving only the variable z5. Solving gives x5 = 3, and substituting this into the
equation for z; yields x; = 2. Therefore, A(2,3). Similarly, we can calculate that
B(9,7) and C(8,1). Next, according to Definition 3, we get X = oA+ B +~C
with a+ 8 +~v=1and «a, 3,7 > 0. Thus, we can construct the following system of
equations.

204+ 98+ 8y =6
3a+T78+v=3
at+fB+y=1



A solution to the system above is given by o« = 7/19, 5 = 8/19,7 = 4/19. Finally,
substituting the obtained solution to the expression for X, we get

7 4 8

X=—A+—B+—C.

19 - 19 - 19
Definition 5. A real valued function f : S — R defined on a convex set S in a
vector space is called convex or concave if, for any two points x1 and xs in S and
any 0 < A <1, fAzr + (1 —=N)xo) < Af(z1)+ (1= A) f(x2) or f( Az + (1 —N)ag) >
Af(z) + (1= A)f(22).

Example 5: f(x) = 2? is convex on R; f(x) = logx is concave on R™; f(z) = 1 is
convex on R* and concave on R™; f(x) = 2® — x is neither convex nor concave on

R.

Proposition 3. A linear function f = ajx1 + asxs + - - - + a,x, is both convex and
concave.

Proof: Let Xi(z},a%,...,2)) and Xo(x], 25, ..., 2). Then, AX; + (1 — )Xy =
(A + (L =Nz, ..., ), + (1 — X\)2) and

FOXi+ (1 -=NXp) =a(A\e) + (1= Nz))+ -+ a, (A, + (1 — N)a) =
= Ma 2| + asxy + -+ apxl) + (1 — N)(a12] + agay + -+ -+ apxl) =
= Af(X1) + (1 = A) f(Xa).

Hence, we can conclude that f is convex and concave. [

Convex optimization problem

Definition 6. A function f(x) is said to have a local mazximum (minium) at zo if
there exists an interval I around xo such that f(x¢) > f(z) (f(xo) < f(x)) for all
xel.

Definition 7. We say that the function f(x) has a global maximum (minimum) at
x = xo on the interval I, if f(xo) > f(x) (f(xo) < f(x)) for all x € 1.

Note that if f(x) is a continuous function on a closed bounded interval [a, b], then
f(z) will have a global maximum and a global minimum on [a,b]. On the other
hand, if the interval is not bounded or closed, then there is no guarantee that a
continuous function f(z) will have global extremum.

Example 6: f(z) = 2% does not have a global maximum on the interval [0, 00), the
function f(x) = —1 does not have a global minimum on the interval (0, 1).

Definition 8. A convex optimization problem is a problem where all of the con-
straints are conver functions, and the objective is a convex function if minimizing,
or a concave function if maximizing.

Theorem 1. For a convex optimization problem all locally optimal points are globally
optimal.



Linear programming as a special case of convex optimization
problem

The linear programming problem can be stated as follows:
Z = 1Ty + caxoy + - - - + cpx, Min
subject to the constraints

1171 + @109 + - - - + a1, < by

Am1T1 + Am2T2 + -+ Amnn S bm

and
.1'120,1'220,...,1'”20.

Theorem 2. If a linear programmaing problem has a solution, then it must occur at
a vertex, or corner point, of the feasible set S, associated with the problem. Further-
more, if the objective function z is optimized at two adjacent vertices of S, then it
15 optimized at every point on the line segment joining these two vertices, in which
case there are infinitely many solutions to the problem.

Proof: The proof is by contradiction. Suppose that the optimal solution z* is an
interior point of the feasible set S. Since the set is convex, then there exist two
points 1, xs € S such that z* € [x1, 23], i.e. z* = /\ZL‘l + (1 — N)zy. We know that
x* is optimal solution, then denoting f(z) := c1x1 + -+ - + ¢y, We get
f@®) = f(x1)
f(@®) = f(x2)

>
>

(1)

Since f(x) is linear (convex) function
f(x") = fAzr + (1 — Aza)) = Af(x1) + (1 — A) f(22). (2)
Substituting (2) to (1), we get

f(@1) S Af(z1) + (1= A) f(z2)

f(@2) < Af(z1) + (1= A)f(x2)
or after simple transformations f(z1) = f(x2). From (2) it follows that f(z*) =
A(z1) + (1= N) f(x2) = f(z1). Hence, we get f(x1) = f(z2) = f(a*) = z0 € R. As
a result, points x1, z9, z* are in the hyperplane f(z) = z;. We know that the point z*
defines this hyperplane; however, the end points of the line segment [z1, x5] are free
to choose. Therefore, points z1, xo may not necessarily belong to this hyperplane.

This contradicts our assumption, showing that x* has to be on the boundary of the
set S. |

Remark 1. Theorem 2 tells us that our search for the solution(s) to a linear pro-
gramming problem may be restricted to the examination of the set of vertices of the
feasible set S associated with the problem. Since a feasible set S has finitely many
vertices, the theorem suggest that the solution(s) may be found by inspecting the
values of the objective function z at these vertices.



Problems

3.1: Find intervals where the following functions are convex (concave): f(x) =

f(x) = e, f(z) = 2°, f(z) =1L, f(z) = ;—2, f(z) = sinz, f(xr) = 2° + 52 — 6,

x’

f(x) = (x+1)*(x —2), and f(x) = xe®.



Answers to problems

1. Use the following theorem

Theorem 3. If f(z) has a positive (negative) second derivative f"(x) every-
where on I C R, then f(x) is convex (concave) on I.



